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A PARTIALLY OVERDETERMINED PROBLEM IN DOMAINS WITH
PARTIAL UMBILICAL BOUNDARY IN SPACE FORMS
JINYU GUO AND CHAO XIA
Abstract. In this paper, we consider a partially overdetermined mixed boundary value prob-
lem in space forms. We generalize the main result in [10] into the case of general domains with
partial umbilical boundary in space forms. We prove that a domain in which this partially
overdetermined problem admits a solution if and only if the domain is part of a geodesic ball.
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1. Introduction
In a celebrated paper [25], Serrin initiated the study of the following overdetermined boundary
value problem (BVP)
(1.1)

∆u = 1, in Ω
u = 0, on ∂Ω
∂νu = c, on ∂Ω,
where Ω is an open, connected, bounded domain in Rn with smooth boundary ∂Ω, c ∈ R is a
constant and ν is the unit outward normal to ∂Ω. Serrin proved that if (1.1) admits a solution,
then Ω must be a ball and the solution u is radially symmetric. Serrin’s proof is based on the
moving plane method or Alexandrov reflection method, which has been invented by Alexandrov
in order to prove the famous nowadays so-called Alexandrov’s soap bubble theorem [1]: any
closed, embedded hypersurface of constant mean curvature (CMC) must be a round sphere.
In space forms, Serrin’s symmetry result was proved in [12] and [17] by the method of moving
plane. A special overdetermined problem in space forms has been considered by Qiu-Xia [20] by
using Weinberger’s approach, see also [6]. (We also mention that sphere space case is not ture,
see e.g [7]).
This work is supported by the Fundamental Research Funds for the Central Universities (Grant No.
20720180009), NSFC (Grant No. 11871406) and the Natural Science Foundation of Fujian Province of China
(Grant No. 2017J06003).
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2 JINYU GUO AND CHAO XIA
Serrin’s overdetermined BVP has close relationship with closed CMC hypersurfaces. Analog
to closed CMC hypersurfaces, there are several rigidity results for free boundary CMC hypersur-
faces in the Euclidean unit ball Bn. Here we use “free boundary” to mean a hypersurface which
intersects Sn−1 orthogonally. We refer to a recent survey paper [29] for details. In particular,
Alexandrov type theorem says that a free boundary CMC hypersurface in a half ball must be a
free boundary spherical cap. Motivated by this, we have proposed in [10] the study of a partially
overdetemined BVP in a half ball. Precisely, let Bn+ = {x ∈ Bn : xn > 0} be the half Euclidean
unit ball and Ω ⊂ Bn+ be an open bounded, connected domain whose boundary ∂Ω = Σ¯ ∪ T ,
where Σ ⊂ Bn+ is a smooth open hypersurface and T ⊂ Sn−1 meets Σ at a common (n − 2)-
dimensional submanifold Γ ⊂ Sn−1. We have considered the following partially overdetemined
BVP in Ω:
(1.2)

∆u = 1, in Ω ⊂ Bn+,
u = 0, on Σ¯,
∂νu = c, on Σ¯,
∂N¯u = u, on T,
where ν and N¯(x) = x are the outward unit normal of Σ and T ⊂ Sn−1 respectively. We have
proved the following result.
Theorem 1.1. ([10]) Let Ω be as above. Assume (1.2) admits a weak solution
u ∈W 1,20 (Ω,Σ) = {u ∈W 1,2(Ω), u|Σ¯ = 0},
i.e., ∫
Ω
(〈∇u,∇v〉+ v) dx−
∫
T
uv dA = 0, for all v ∈W 1,20 (Ω,Σ).(1.3)
Assume further that u ∈W 1,∞(Ω) ∩W 2,2(Ω). Then Ω must be of the form
Ωnc(a) :=
{
x ∈ Bn+ : |x− a
√
1 + (nc)2|2 < (nc)2
}
, a ∈ Sn−1(1.4)
for some a ∈ Sn−1 and
u(x) = ua,nc(x) :=
1
2n
(|x− a
√
1 + (nc)2|2 − (nc)2).(1.5)
We remark that ∂Ωnc(a) ∩ Bn+ is a free boundary spherical cap. Thus Theorem 1.1 gives
a characterization of free boundary spherical caps by an overdetermined BVP, which can be
regarded as Serrin’s analog for the setting of free boundary CMC hypersurfaces in a ball.
In this paper, we will generalize Theorem 1.1 into the setting of domains with partial umbilical
boundary in space forms.
Let Mn(K) be a complete simply-connected Riemann manifold with constant sectional curva-
ture K. Up to homoteties we may assume K = 0, 1,−1; the case K = 0 corresponds to the case
of the Euclidean space Rn, K = 1 is the unit sphere Sn with the round metric and K = −1 is the
hyperbolic space Hn. We recall some basic facts about umbilical hypersurfaces in Mn(K). It is
well-known that an umbilical hypersuface in space forms has constant principal curvature κ ∈ R.
By a choice of orientation (or normal vector field N¯), we may assume κ ∈ [0,∞). It is also a
well-known fact that in Rn and Sn, geodesic spheres (κ > 0) and totally geodesic hyperplanes
(κ = 0) are all complete umbilical hypersurfaces, while in Hn the family of all complete umbilic
hypersurfaces includes geodesic spheres (κ > 1), totally geodesic hyperplanes (κ = 0), horo-
spheres (κ = 1) and equidistant hypersurfaces (0 < κ < 1) (see e.g [13]). We remark that unlike
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geodesic spheres, the horospheres and the equidistant hypersurfaces are non-compact umbilical
hypersurfaces.
We use SK,κ to denote an umbilical hypersurface in Mn(K) with principal curvature κ. SK,κ
divides Mn(K) into two connected components. We use BintK,κ to denote the one component
whose outward normal is given by the orientation N¯ . For the other one, we denote by BextK,κ.
Let Ω ⊂ BintK,κ be a bounded, connected open domain whose boundary ∂Ω = Σ¯ ∪ T , where
Σ ⊂ BintK,κ is smooth open hypersurface and T ⊂ SK,κ meets Σ at a common (n−2)-dimensional
submanifold Γ. We refer to Figure 1-3 in Section 2 for the corresponding domains for K = −1
(hyperbolic space) and different values κ.
Since the Euclidean case K = 0 has already been handled in [10], and the case κ = 0 in
Mn(K) has been considered in [5] (as a special case of a flat cone), in this paper we consider the
hyperbolic case K = −1 with κ > 0 and the spherical case K = 1 with κ > 0.
We consider the following mixed BVP in Ω ⊂ BintK,κ:
(1.6)

∆¯u+ nKu = 1, in Ω,
u = 0, on Σ¯,
∂N¯u = κu, on T.
As we described above, N¯ is the unit outward normal of BintK,κ.
If κ > 0, for a general domain, there might not exist a solution to (1.6). Also, for a general
domain, the maximum principle fails to hold. These are due to the fact that the Robin boundary
condition on T has an unfavorable sign. In our case, we can show that there always exists a
unique non-positive solution u ∈ C∞(Ω¯\Γ)∩Cα(Ω¯) to (1.6) for some α ∈ (0, 1), see Proposition
3.3 below.
Remark 1.1. For the other case Ω ⊆ BextK,κ, −N¯ plays the role of the unit outward normal of
BextK,κ along T . Hence the Robin boundary condition becomes ∂(−N¯)u = −κu on T , which has a
good sign, i.e. −κ < 0, according to the classical elliptic PDE theory. The existence of weak
solution (1.6) follows directly from the Fredholm alternative theorem (see for example [8]).
In this paper, we study the following partially overdetermined BVP in Ω ⊂ BintK,κ (BextK,κ resp.):
(1.7)

∆¯u+ nKu = 1, in Ω,
u = 0, on Σ¯,
∂νu = c, on Σ¯,
∂N¯u = κu, on T.
where ν is the outward unit normal of Σ. Our main result is the following
Theorem 1.2. Let Ω ⊂ BintK,κ (BextK,κ resp.). Assume the partially overdetermined BVP (1.7)
admits a weak solution u ∈W 1,20 (Ω,Σ), i.e.,∫
Ω
(
g¯(∇¯u, ∇¯v) + v − nKuv) dx− κ∫
T
uv dA = 0, for all v ∈W 1,20 (Ω,Σ)(1.8)
together with an additional boundary condition ∂νu = c on Σ. Assume further that
u ∈W 1,∞(Ω) ∩W 2,2(Ω).(1.9)
(i) If SK,κ is a horosphere (K = −1 and κ = 1) or an equidistant hypersurface (K = −1
and 0 < κ < 1) in Hn, then Ω must be equal to a geodesic ball with radius nc whose
boundary intersects SK,κ orthogonally.
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(ii) If SK,κ is a geodesic sphere in Hn or Sn+, that is K = −1 and κ > 1 or K = 1 and κ > 0,
then the same conclusion in (i) holds provided Ω ⊂ Bint,+K,κ (Bext,+K,κ resp.).
Here Bint,+K,κ means a half ball, see (2.3) below.
We remark that we do not assume Σ meets SK,κ orthogonally a priori. Thus it is impossible
to use the Alexandrov reflection method as Ros-Souam [24]. On the other hand, since the
lack of regularity of u on Γ, it is difficult to use the maximum principle as Weinberger’s [27].
Higher order regularity up to the interface Γ = Σ¯∩ T¯ is a subtle issue for mixed boundary value
problems. A regularity result by Lieberman [15] shows that a weak solution u to (1.7) belongs to
C∞(Ω¯\Γ)∩Cα(Ω¯) for some α ∈ (0, 1). The regularity assumption (1.9) is for technical reasons,
that is, we will use an integration method which requires (1.9) to perform integration by parts.
Similar to the Euclidean case [10], we use a purely integral method to prove our theorem. The
integration makes use of a non-negative weight function V , which is given by a multiplier of the
divergence of a conformal Killing vector field X. In the case of geodesic spheres in Hn or Sn+,
we use X defined by (2.5), which was found in [28]. In the case of horospheres or equidistant
hypersurfaces in Hn, we use X defined by (2.6). The common feature of such conformal Killing
vector fields is that it is parallel to the support hypersurfaces.
By using X, we get a Pohozaev-type identity with weight V , Proposition 4.3. Then with the
usual P -function P = |∇¯u|2 − 2nu+Ku2, we can show the identity∫
Ω
V u∆¯Pdx = 0.
Theorem 1.2 follows since the P -function is subharmonic.
In the second part of this paper, we will use the solution to (1.6) to study Alexandrov type
theorem for embedded free boundary CMC hypersurfaces in Hn supported on a horosphere or
an equidistant hypersurface.
It is nowadays a routine argument to combine a Minkowski type formula and a sharp Heintze-
Karcher-Ros type inequality to prove Alexandrov type theorem, see e.g. [23, 21, 14, 28]. We
shall first use the solution to (1.6) prove the following Heintze-Karcher-Ros type inequality for
free boundary hypersurfaces in Hn supported on a horosphere or an equidistant hypersurface.
The case of geodesic hyperplane in space forms has been proved by Pyo, see [19] Theorem 4 and
Theorem 10. The case of geodesic spheres in space forms has been shown by Wang-Xia, see [28]
Theorem 5.2 and Theorem 5.4.
Theorem 1.3. Let Hn be given by the half space model {x ∈ Rn+ : xn > 0} with hyperbolic metric
g¯ = 1
x2n
δ. Let Σ ⊂ Hn be an embedded smooth hypersurface whose boundary ∂Σ lies on a support
hypersurface S (that is, a horosphere or an equidistant hypersurface). Assume Σ intersects S
orthogonally. Assume Σ has positive normalized mean curvature H1 and let Ω be the enclosed
domain by Σ and S. Then ∫
Σ
1
xn ·H1dA ≥
∫
Ω
n
xn
dV.(1.10)
Moreover, the above equality (1.10) holds if and only if Σ is a spherical cap which meets S
orthogonally.
Using the above Heintze-Karcher-Ros type inequality, we are able to reprove Alexandrov type
theorem for free boundary constant mean curvature or constant higher order mean curvature
hypersurfaces in Hn supported by horospheres and equidistant hypersurfaces, see Theorem 5.2.
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We remark that the Alexandrov type theorem in this setting has been shown by [13], using
the classical Alexandrov’s reflection method, see also [26]. they also handle in [13] the general
capillary hypersurfaces, that is constant mean curvature hypersurfaces with contstant contact
angle.
The rest of the paper is organized as follows. In Section 2, we review the conformal Killing
vector fields X we shall use in each case and their properties. In Section 3, we study two kinds of
eigenvalue problems in Ω in space forms and use them to prove the existence and uniqueness of
the mixed BVP (1.6). In Section 4, we prove a weighted Pohozaev inequality and then Theorem
1.2. In Section 5, We prove Theorem 1.3 and the Alexandrov type Theorem 5.2.
2. Conformal Killing vector fields in space forms
We first introduce the notations. Let us recall that SK,κ is an umbilical hypersurface in
Mn(K) with principal curvature κ ∈ [0,∞).
2.1. Hyperbolic space Hn.
Definition 2.1. ([13]) In hyperbolic space Hn, we call a support hypersurface is a complete non-
compact umbilical hypersurface, which means geodesic hyperplanes, horospheres and equidistant
hypersurfaces.
A horosphere is a ”sphere” whose centre lies at ∂∞Hn. In the upper half-space model
Hn = {x = (x1, x2, · · · , xn) ∈ Rn+ : xn > 0}, g¯ =
1
x2n
δ,(2.1)
a horosphere, up to a hyperbolic isometry, is given by the horizontal plane
L(1) = {x ∈ Rn+ : xn = 1}
By choosing N¯ = −En = (0, · · · , 0,−1), the principal curvature of a horosphere is given by
κ = 1. A horosphere is isometric to a Euclidean plane.
An equidistant hypersurface is a connected component of the set of points equidistant from
a given hyperplane. In the half-space model, an equidistant hypersurface, is given by a sloping
Euclidean hyperplane Π which meets ∂∞Hn with angle θ through a point En = (0, 0, · · · , 1) ∈
Rn+, say
Π = {x ∈ Rn+ : x1 tan θ + xn = 1}
and by choosing N¯ as the same direction as (− tan θ, 0, · · · , 0,−1), it’s principal curvature is
κ = cos θ ∈ (0, 1).
Next we clarify the unified notation we will use in each case.
• Case 1. If SK,κ is a geodesic sphere of radius R, then κ = cothR ∈ (1,∞) and let BintK,κ
denote the geodesic ball enclosed by SK,κ. By using the poincare ball model
Bn = {x ∈ Rn : |x| < 1}, g¯ = 4
(1− |x|2)2 δ,(2.2)
we have up to an hyperbolic isometry,
BintK,κ =
{
x ∈ Bn : |x| ≤ RR :=
√
1− arccoshR
1 + arccoshR
}
.
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Moreover, we let
Bint,+K,κ =
{
x ∈ BintK,κ : xn > 0
}
(2.3)
be a geodesic half ball. See Figure 1.
• Case 2. If SK,κ is a support hypersurface, then κ ∈ [0, 1]. By using the upper half-space
model (2.1), we have, up to an hyperbolic isometry,
(2.4) BintK,κ =
{
{x ∈ Rn+ : xn > 1}, if κ = 1,
{x ∈ Rn+ : x1 tan θ + xn > 1}, if κ = cos θ ∈ (0, 1).
See Figure 2 and 3.
Next we introduce the conformal Killing vector field X in Hn and the weight V we will use
later.
• Case 1. κ > 1. In this case, as before we use the Poincare´ ball model (2.2). Denote
(2.5) X :=
2
1−R2R
[xnx− 1
2
(|x|2 +R2R)En], V =
2xn
1− |x|2 .
• Case 2. 0 < κ ≤ 1. In this case, as before we use the upper half-space model (2.1).
Denote
(2.6) X := x− En, V = 1
xn
.
Proposition 2.1. (i)X is a conformal Killing vector field with LX g¯ = V g¯, namely
1
2
(∇¯iXj + ∇¯jXi) = V g¯ij .(2.7)
(ii) X |SK,κ is a tangential vector field on SK,κ, i.e.,
g¯(X, N¯) = 0 on SK,κ.(2.8)
Proof. Case 1. κ > 1, see [28], Proposition 4.1.
Case 2. 0 < κ ≤ 1, we choose an orthonormal basis {ei}ni=1 in the upper half-space model,
ei = xnEi, i = 1, · · · , n.
where {Ei}ni=1 is the Euclidean orthonormal basis in Rn. Then
1
2
(∇¯iXj + ∇¯jXi) = 1
2
(DiXj +DjXi) +X(− lnxn)g¯ij(2.9)
= g¯ij + (
1
xn
− 1)g¯ij = 1
xn
g¯ij ,
where D is the Levi-Civita connection in Rn. We use the relationship of ∇¯ and D, that is,
(2.10) ∇¯Y Z = DY Z + Y (− lnxn)Z + Z(− lnxn)Y − 〈Y, Z〉D(− lnxn).
On the other hand,
g¯(X, N¯) =
1
xn
〈x− En, Nδ〉 = 0 on SK,κ(2.11)
where Nδ is outward normal to support hypersurface with respect to the Euclidean metric δ. 
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Figure 1. SK,κ is a geodesic sphere with principal curvature κ = cothR > 1
and the shaded area is Bint,+K,κ
.
Figure 2. SK,κ is a horosphere L(1) with principal curvature κ = 1 and the
shaded area is BintK,κ
Figure 3. SK,κ is an equidistant hypersurface Π with principal curvature κ =
cos θ < 1 and the shaded area is BintK,κ
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Proposition 2.2. V satisfies the following properties:
(2.12) ∇¯2V = −KV g¯,
(2.13) ∂N¯V = κV on SK,κ,
where N¯ is the outward unit normal of BintK,κ.
Proof. Case 1. κ > 1, see [28], Proposition 4.2.
Case 2. 0 < κ ≤ 1. For (2.12), we take normal coordinate {ei}ni=1 at p such that ∇¯eiej |p= 0.
Then
∇¯ei∇¯ejV = ∇¯ei∇¯ej (
1
xn
) = ∇¯ei
(
∇¯ej (
1
xn
)
)
= −ei (g¯(En, ej))
= −g¯(∇¯eiEn, ej) = En(lnxn)g¯ij =
1
xn
g¯ij(2.14)
where we use formula (2.10).
For (2.13), we compute
∂N¯V = ∂N¯ (
1
xn
) = − 1
x2n
〈En, N¯〉 = − 1
x2n
〈En, xnNδ〉 = 1
xn
cos θ(2.15)
Here we use the fact that 〈En, Nδ〉 = − cos θ on the support hypersurface SK,κ. 
2.2. Spherical space Sn.
In this subsection, we sketch the necessary modifications in the case that the ambient space
is the spherical space Sn. We use the model(
Rn, g¯S =
4
(1 + |x|2)2 δ
)
to represent Sn \ {S}, the unit sphere without the south pole. Therefore, if SK,κ is a geodesic
sphere of radius R, then in the above model
SK,κ =
{
x ∈ Rn : |x| = RR :=
√
1− cosR
1 + cosR
}
.
then κ = cotR > 0, for R < pi2 . Let B
int
K,κ be a geodesic ball enclosed by SK,κ and B
int,+
K,κ be the
geodesic half ball given by
(2.16) Bint,+K,κ = {x ∈ BintK,κ : xn > 0}
Let X be the vector field
(2.17) X =
2
1 +R2R
[xnx− 1
2
(|x|2 +R2R)En], V =
2xn
1 + |x|2 .
It has been shown in [28] that X and V also satisfy Propositions 2.1 and 2.2.
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3. Mixed BVP in space forms
From this section on, let Ω be a bounded, connected open domain in BintK,κ whose boundary
∂Ω consists two parts Σ¯ and T = ∂Ω \ Σ¯, where T ⊂ SK,κ is smooth and meet Σ at a common
(n− 2)-dimensional submanifold Γ.
We consider the following two kinds of eigenvalue problems in Ω.
I. Mixed Robin-Dirichlet eigenvalue problem
(3.1)

∆¯u = −λu, in Ω,
u = 0, on Σ¯,
∂N¯u = κu, on T.
The first Robin-Dirichlet eigenvalue can be variational characterized by
λ1 = inf
06=u∈W 1,20 (Ω,Σ)
∫
Ω g¯(∇¯u, ∇¯u)dx− κ
∫
T u
2dA∫
Ω u
2dx
.(3.2)
II. Mixed Steklov-Dirichlet eigenvalue problem. (see e.g. [2, 4])
(3.3)

∆¯u+ nKu = 0, in Ω,
u = 0, on Σ¯,
∂N¯u = µκu, on T.
The mixed Steklov-Dirichlet eigenvalue can be considered as the eigenvalues of the Dirichlet-to-
Neumann map
L : L2(T )→ L2(T )
u 7→ ∂N¯ uˆ
where uˆ ∈ W 1,20 (Ω,Σ) is the extension of u to Ω satisfying ∆¯uˆ + nKuˆ = 0 in Ω and uˆ = 0 on
Σ. According to the spectral theory for compact, symmetric linear operators, L has a discrete
spectrum {µi}∞i=1 (see e.g. [2] or [4]),
0 < µ1 ≤ µ2 ≤ · · · → +∞.
The first eigenvalue µ1 can be variational characterized by
µ1 = inf
06=u∈W 1,20 (Ω,Σ)
∫
Ω g¯(∇¯u, ∇¯u)dx− nK
∫
Ω u
2dx
κ
∫
T u
2dA
.(3.4)
In our case, we have
Proposition 3.1. If SK,κ is geodesic sphere in Hn or Sn and Ω ⊆ Bint,+K,κ , then
(i) λ1(Ω) ≥ nK and λ1 = nK iff Ω = Bint,+K,κ .
(ii) µ1(Ω) ≥ 1 and µ1 = 1 iff Ω = Bint,+K,κ .
Proof. We proceed exactly as [10]. If Ω = Bint,+K,κ , one checks that u = V ≥ 0 indeed solves (3.1)
with λ = nK and (3.3) with µ = 1. Since u = V is a non-negative solution, it must be the first
eigenfunction and hence λ1(B
int,+
K,κ ) = nK and µ1(B
int,+
K,κ ) = 1.
On the other hand, for Ω ⊂ Bint,+K,κ , by the variational characterization and a standard argu-
ment of doing zero extension, one sees that λ1(Ω) ≥ λ1(Bint,+K,κ ) = nK and µ1(Ω) ≥ µ1(Bint,+K,κ ) =
1.
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If Ω $ Bint,+K,κ , then the Aronszajn unique continuity theorem implies λ1(Ω) > λ1(B
int,+
K,κ ) =
nK. For µ1, it has been proved in [4], Proposition 3.1.1, that µ1(Ω) > µ1(B
int,+
K,κ ) = 1. 
Proposition 3.2. If SK,κ is a horosphere or an equidistant hypersurface in Hn, then
(3.5) λ1(Ω) > −n and µ1(Ω) > 1
Proof. We first take orthonormal basis {ei}ni=1 by upper half space model
ei = xnEi, i = 1, · · · , n.
By using the divergence theorem, we get∫
Ω
divg¯(u
2en)dx =
∫
∂Ω
u2g¯(en, ν)dA =
∫
T
u2g¯(en, N¯)dA = − cos θ
∫
T
u2dA(3.6)
where we also use u = 0 on Σ and the fact 〈N¯ , En〉 = −xn cos θ on T and θ ∈ [0, pi2 ).
On the other hand,
(3.7)
∫
Ω
divg¯(u
2en)dx =
∫
Ω
en(u
2)dx+
∫
Ω
u2divg¯(en)dx =
∫
Ω
en(u
2)dx− (n− 1)
∫
Ω
u2dx
Combining (3.6) with (3.7), we have
cos θ
∫
T
u2dA =
∫
Ω
(n− 1)u2 − en(u2)dx =
∫
Ω
(n− 1)u2 − 2uen(u)dx(3.8)
≤
∫
Ω
(n− 1)u2 + 2|u||∇¯u|dx
≤
∫
Ω
(n− 1)u2 + |u|2 + g¯(∇¯u, ∇¯u)dx
=
∫
Ω
nu2 + g¯(∇¯u, ∇¯u)dx
Since 0 6= u ∈W 1,20 (Ω,Σ), we know that the above equality is strict in fact, namely,
cos θ
∫
T
u2dA <
∫
Ω
nu2 + g¯(∇¯u, ∇¯u)dx(3.9)
Therefore, we complete this proof by taking infimum for u.

Using Proposition 3.1 (ii) and 3.2, we show the existence and uniqueness of mixed BVP (1.6).
Proposition 3.3. Let f ∈ C∞(Ω) and q ∈ C∞(T ). Then the mixed BVP
(3.10)

∆¯u+ nKu = f, in Ω,
u = 0, on Σ,
∂N¯u = κu+ q, on T.
admits a unique weak solution u ∈ W 1,2(Ω,Σ). Moreover, u ∈ C∞(Ω¯ \ Γ) ∩ Cα(Ω¯) for some
α ∈ (0, 1).
Proof. The weak solution to (3.10) is defined to be u ∈W 1,20 (Ω,Σ) such that
(3.11) B[u, v] :=
∫
Ω
g¯(∇¯u, ∇¯v)dx− κ
∫
T
uv dA− nK
∫
Ω
uvdx for all v ∈W 1,20 (Ω,Σ).
B[u, v] =
∫
Ω
−fv dx+
∫
T
qv dA for all v ∈W 1,20 (Ω,Σ).(3.12)
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From Proposition 3.1(ii) and Proposition 3.2, we know 1− 1µ1 > 0. Since
(3.13) κ
∫
T
u2dA ≤ 1
µ1
(
∫
Ω
g¯(∇¯u, ∇¯u)dx− nK
∫
Ω
u2dA),
By using (3.11), (3.13) and Proposition 3.1 (i) and 3.2, there exists a positive constant β such
that
B[u, u] ≥ (1− 1
µ1
)(
∫
Ω
g¯(∇¯u, ∇¯u) dx− nK
∫
Ω
u2dx) ≥ β‖u‖2
W 1,20 (Ω,Σ)
(3.14)
Thus B[u, v] is coercive on W 1,20 (Ω,Σ). The standard Lax-Milgram theorem holds for the
weak formulation to (3.10). Therefore, (3.10) admits a unique weak solution u ∈W 1,20 (Ω,Σ).
The regularity u ∈ C∞(Ω¯\Γ) follows from the classical regularity theory for elliptic equations
and u ∈ Cα(Ω¯) has been proved by Lieberman [15], Theorem 2. Note that the global wedge
condition in Theorem 2 in [15] is satisfied for the domain Ω whose boundary parts Σ and T meet
at a common in smooth (n− 2)-dimensional manifold, see page 426 of [15]. 
Proposition 3.4. Let u be the unique solution to (3.10) with f ≥ 0 and q ≤ 0. Then either
u ≡ 0 in Ω or u < 0 in Ω ∪ T .
Proof. Since the Robin boundary condition has an unfavorable sign, we cannot use the maximum
principle directly. Since u+ = max{u, 0} ∈ W 1,20 (Ω,Σ), we can use it as a test function in the
weak formulation (3.12) to get∫
Ω
−fu+ dx+
∫
T
qu+ dA =
∫
Ω
g¯(∇¯u+, ∇¯u+)dx− κ
∫
T
(u+)
2 dA− nK
∫
Ω
(u+)
2dx.
Since f ≥ 0 and g ≤ 0, we have ∫
Ω
−fu+ dx+
∫
T
qu+ dA ≤ 0.
On the other hand, it follows from Proposition 3.1 (i) and (3.5) that∫
Ω
g¯(∇¯u+, ∇¯u+)dx− κ
∫
T
(u+)
2 dA− nK
∫
Ω
(u+)
2dx ≥ (λ1 − nK)
∫
Ω
(u+)
2dx ≥ 0.
From above, we conclude that u+ ≡ 0, which means u ≤ 0 in Ω. Finally, by the strong maximum
principle, we get either u ≡ 0 in Ω or u < 0 in Ω ∪ T . 
Proposition 3.5. Let eT be a tangent vector field to T . Let u be the unique solution to (1.6).
Then
(3.15) ∇¯2u(N¯ , eT ) = 0 on T.
Proof. By differentiating the equation ∂N¯u = κu with respect to e
T , we get
κ∇¯eT (u) = eT (g¯(∇¯u, N¯)) = ∇¯2u(N¯ , eT ) + g¯(∇¯u, ∇¯eT N¯)
= ∇¯2u(N¯ , eT ) + hSK,κ(∇¯u, eT ) = ∇¯2u(N¯ , eT ) + κg¯(∇¯u, eT ).
Here we use the fact that SK,κ is an umbilical hypersurface with principal curvature κ. The
assertion (3.15) follows. 
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4. Partially overdetermined BVP in space forms
In this section we will use a method totally based on integral identities and inequalities to
prove Theorem 1.2. The proof follows closely our previous paper [10]. The main ingredient is
Propositions 2.1 and 2.2.
First we introduce P function as follows,
(4.1) P := g¯(∇¯u, ∇¯u)− 2
n
u+Ku2
Proposition 4.1. ∆¯P ≥ 0 in Ω.
Proof. By direct computation and using ∆¯u+ nKu = 1,
∆¯P (x) = 2|∇¯2u|2 + 2g¯(∇¯u, ∇¯∆¯u) + 2Ric(∇¯u, ∇¯u)− 2
n
∆¯u+ 2K(g¯(∇¯u, ∇¯u) + u∆¯u)
≥ 2
n
(∆¯u)2 + 2g¯(∇¯u, ∇¯(1− nKu)) + 2(n− 1)Kg¯(∇¯u, ∇¯u)− 2
n
∆¯u+ 2K(g¯(∇¯u, ∇¯u) + u∆¯u)
=
2
n
∆¯u(1− nKu)− 2nKg¯(∇¯u, ∇¯u) + 2(n− 1)Kg¯(∇¯u, ∇¯u)− 2
n
∆¯u+ 2K(g¯(∇¯u, ∇¯u) + u∆¯u)
= 0.

Due to the lack of regularity, we need the following formula of integration by parts, see
[18], Lemma 2.1. (The original statement [18], Lemma 2.1 is for a sector-like domain in a
cone. Nevertheless, the proof is applicable in our case). We remark that a general version of
integration-by-parts formula for Lipschitz domains has been stated in some classical book by
Grisvard [9], Theorem 1.5.3.1. However, it seems not enough for our purpose.
Proposition 4.2 ([18], lemma 2.1). Let F : Ω→ Rn be a vector field such that
F ∈ C1(Ω ∪ Σ ∪ T ) ∩ L2(Ω) and div(F ) ∈ L1(Ω).
Then ∫
Ω
div(F )dx =
∫
Σ
g¯(F, ν)dA+
∫
T
g¯(F, N¯)dA.
We first prove a Pohozaev-type identity for (1.7).
Proposition 4.3. Let u be the unique solution to (1.7). Then we have
(4.2)
∫
Ω
V (P − c2)dx = 0.
Proof. First of all, we remark that, due to our assumption u ∈W 1,∞(Ω)∩W 2,2(Ω), Proposition
4.2 can be applied in all the following integration by parts.
Now we consider the following differential identity
div(uX − g¯(X, ∇¯u)∇¯u)(4.3)
= g¯(X, ∇¯u) + udivX − ∇¯X(∇¯u, ∇¯u)− 1
2
g¯(X, ∇¯g¯(∇¯u, ∇¯u))− g¯(X, ∇¯u)∆¯u
= nV u− V g¯(∇¯u, ∇¯u)− 1
2
g¯(X, ∇¯g¯(∇¯u, ∇¯u)) + nKg¯(X, ∇¯(1
2
u2)).
where we use equation ∆¯u+ nKu = 1 and (2.7).
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Integrating by parts and using (2.8) and boundary conditions (1.7), we see that
−c2
∫
Σ
g¯(X, ν)dA−
∫
T
g¯(X, ∇¯u)uN¯dA(4.4)
=
∫
Ω
(
nV u− V g¯(∇¯u, ∇¯u) + 1
2
g¯(∇¯u, ∇¯u)divX − nK
2
u2divX
)
dx− c
2
2
∫
Σ
g¯(X, ν)dA.
It follows that ∫
Ω
(
nV u+ (
n
2
− 1)V g¯(∇¯u, ∇¯u)− n
2K
2
V u2
)
dx(4.5)
= −c
2
2
∫
Σ
g¯(X, ν)dA− κ
∫
T
g¯(X, ∇¯u)udA
By using (2.7) and (2.8) yields∫
Σ
1
2
c2g¯(X, ν)dA =
1
2
c2
(∫
Ω
divXdx−
∫
T
g¯(X, N¯)dA
)
=
n
2
c2
∫
Ω
V dx,(4.6)
κ
∫
T
g¯(X, ∇¯u)udA = κ
∫
T
g¯(XT , ∇¯(1
2
u2))dA(4.7)
=
κ
2
∫
Γ
u2g¯(XT , µ)ds− κ
2
∫
T
u2divTX
TdA
=
κ(1− n)
2
∫
T
V u2dA.
In the last equality we also used u = 0 on Γ and divTX
T = (n− 1)V .
To achieve (4.2), we do a further integration by parts and apply (2.12) and (2.13) get∫
Ω
V g¯(∇¯u, ∇¯u)dx =
∫
T
V u(uN¯ )dA−
∫
Ω
(
g¯(∇¯V, ∇¯(1
2
u2)) + V u∆¯u
)
dx
= κ
∫
T
V u2dA− 1
2
∫
T
(V )N¯u
2dA+
∫
Ω
(
1
2
u2∆¯V − V u∆¯u)dx
= κ
∫
T
V u2dA− κ
2
∫
T
V u2dA+
∫
Ω
1
2
u2(−nKV )− V u(1− nKu)dx
=
κ
2
∫
T
V u2dA+
nK
2
∫
Ω
V u2dx−
∫
Ω
V udx.
It follows that
κ
2
∫
T
V u2dA =
∫
Ω
(
V g¯(∇¯u, ∇¯u)− nK
2
V u2 + V u
)
dx.(4.8)
Substituting (4.6)-(4.8) into (4.5), we arrive at (4.2). 
Proposition 4.4. Let u be the unique solution to (1.7) such that u ∈ W 1,∞(Ω) ∩W 2,2(Ω) and
P is defined by (4.1). Then ∫
Ω
V u∆¯P dx = 0.(4.9)
Proof. Since u ∈W 1,∞(Ω) ∩W 2,2(Ω), we see
div(V u∇¯P − P ∇¯(V u)) ∈ L1(Ω) and (V u∇¯P − P ∇¯(V u)) ∈ L2(Ω).
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Firstly, we consider the following differential identity
div(V u∇¯P − P ∇¯(V u)) + c2div(V ∇¯u− u∇¯V )
= V u∆¯P − P ∆¯(V u) + c2(V ∆¯u− u∆¯V )
= V u∆¯P − 2P g¯(∇¯V, ∇¯u)− (P + c2)u∆¯V + (c2 − P )V ∆¯u
= V u∆¯P − 2P g¯(∇¯V, ∇¯u)− (P + c2)u(−nKV ) + (c2 − P )V (1− nKu)
= V u∆¯P − 2P g¯(∇¯V, ∇¯u) + 2nKPuV − (P − c2)V.(4.10)
where we use the fact that ∇¯2V = −KV g¯ and the equation ∆¯u+ nKu = 1 in Ω.
Applying divergence theorem in (4.10) and boundary conditions (1.7), we have∫
Σ
(−P + c2)V uνdA+
∫
T
(V uPN¯ − P (V u)N¯ ) dA(4.11)
=
∫
Ω
(
V u∆¯P − 2P g¯(∇¯V, ∇¯u) + 2nKPuV − (P − c2)V ) dx
=
∫
Ω
(
V u∆¯P − 2P g¯(∇¯V, ∇¯u) + 2nKPuV ) dx.
where the last equation we use Pohozaev-type identity (4.2).
Noting that P = c2 on Σ. It follows from (4.11)∫
Ω
V u∆¯Pdx =
∫
Ω
(
2P g¯(∇¯V, ∇¯u)− 2nKPuV ) dx+ ∫
T
(V uPN¯ − P (V u)N¯ )dA.(4.12)
Now we estimate the first term of (4.12), we have∫
Ω
2g¯(∇¯V, ∇¯u)Pdx = 2
∫
Ω
g¯(∇¯V, ∇¯u)
(
g¯(∇¯u, ∇¯u)− 2
n
u+Ku2
)
dx
= 2
∫
Ω
g¯(∇¯V, ∇¯u)g¯(∇¯u, ∇¯u)dx− 2
n
∫
Ω
g¯(∇¯V, ∇¯u2)dx+ 2K
∫
Ω
g¯(∇¯V, ∇¯u)u2dx
= 2
∫
T
(∂N¯V )ug¯(∇¯u, ∇¯u)dA− 2
∫
Ω
(
∆¯V g¯(∇¯u, ∇¯u) + 2∇¯2u(∇¯V, ∇¯u))udx
− 2
n
∫
T
(∂N¯V )u
2dA+
2
n
∫
Ω
∆¯V u2dx+ 2K
∫
Ω
g¯(∇¯V, ∇¯u)u2dx
= 2κ
∫
T
V ug¯(∇¯u, ∇¯u)dA+ 2nK
∫
Ω
V g¯(∇¯u, ∇¯u)udx− 2
∫
Ω
∇¯2u(∇¯V, ∇¯(u2))dx
− 2
n
κ
∫
T
V u2dA+
2
n
∫
Ω
(−nKV )u2dx+ 2K
∫
Ω
g¯(∇¯V, ∇¯u)u2dx
= 2κ
∫
T
(g¯(∇¯u, ∇¯u)− u
n
)uV dA+ 2K
∫
Ω
(ng¯(∇¯u, ∇¯u)− u)uV dx
− 2
∫
Ω
(∇¯2u(∇¯V, ∇¯(u2))−Kg¯(∇¯V, ∇¯u)u2) dx(4.13)
where we use the fact ∇¯2V = −KV g¯ and ∂N¯V = κV on T .
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Now, we compute the last term of (4.13) by using ∇¯2V = −KV g¯, Ricci identity and (3.15)
− 2
∫
Ω
∇¯2u(∇¯V, ∇¯(u2))−Kg¯(∇¯V, ∇¯u)u2dx
(4.14)
= −2
∫
T
u2∇¯2u(∇¯V, N¯)dA+ 2
∫
Ω
(
g¯(∇¯2V, ∇¯2u) + g¯(∇¯V, ∇¯∆¯u) +Ric(∇¯V, ∇¯u))u2dx
+ 2K
∫
Ω
g¯(∇¯V, ∇¯u)u2dx
= −2
∫
T
u2(VN¯ )∇¯2u(N¯ , N¯)dA+ 2
∫
Ω
(−KV ∆¯u+ g¯(∇¯V, ∇¯(1− nKu)) + (n− 1)Kg¯(∇¯V, ∇¯u))u2dx
+ 2K
∫
Ω
g¯(∇¯V, ∇¯u)u2dx
= −2κ
∫
T
u2V ∇¯2u(N¯ , N¯)dA− 2K
∫
Ω
V (∆¯u)u2dx
= −2κ
∫
T
u2V ∇¯2u(N¯ , N¯)dA− 2K
∫
Ω
V (1− nKu)u2dx
Next, we compute the boundary term of (4.12)∫
T
V uPN¯ − (V u)N¯PdA =
∫
T
(PN¯ − 2κP )uV dA =
∫
T
(
2∇¯2u(∇¯u, N¯) + 2κ(u
n
− g¯(∇¯u, ∇¯u))
)
uV dA
=
∫
T
(
2κu∇¯2u(N¯ , N¯) + 2κ(u
n
− g¯(∇¯u, ∇¯u))
)
uV dA(4.15)
In the last equality we used (3.15) and also ∂N¯u = κu on T .
Substituting (4.13)-(4.15) into (4.12), we get the conclusion (4.9).

Proof of Theorem 1.2.We note that in both cases, V > 0. In the case SK,κ is a horosphere
or an equidistant hypersurface, then V = 1xn > 0. In the case SK,κ is a geodesic sphere in H
n or
Sn+. Since Ω ⊆ Bint,+K,κ , then V > 0 in Ω by (2.3) and (2.16).
From Propositions 3.4 and 4.1 as well as V > 0 in Ω, we have
V u∆¯P ≤ 0 in Ω.(4.16)
We also know from Proposition 4.4 that
∫
Ω V u∆¯P dx = 0. It follows that
V u∆¯P ≡ 0 in Ω.
Since u < 0 in Ω by Proposition 3.4, we conclude ∆¯P ≡ 0 in Ω. From the proof of Proposition
4.1, we see immediately that ∇¯2u is proportional to the metric g in Ω. Since ∆¯u + nKu = 1,
we get ∇¯2u = ( 1n −Ku)g¯.
By the connectedness of Ω and u = 0 on Σ, we conclude that Σ is part of a geodesic sphere.
Using uν = c one complete the proof. 
5. Heintze-Karcher-Ros inequality and Alexandrov Theorem
In this section, We shall first use the solution to (1.6) prove the Heintze-Karcher-Ros type
inequality for free boundary hypersurfaces in Hn supported on a horosphere or an equidistant
hypersurface.
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Proof of Theorem 1.3.
The proof follows closely [28], Theorem 5.2. Denote Ω be a bounded connected domain
enclosed by Σ and SK,κ whose boundary ∂Ω = Σ∪T . Let u be a solution of the following mixed
BVP,
(5.1)

∆¯u− nu = 1, in Ω,
u = 0, on Σ¯,
∂N¯u = κu, on T.
where N¯ is the unit outward normal of BintK,κ. The existence has been proved in Proposition 3.3.
Using (2.12), we have
∆¯(
1
xn
)− n
xn
= 0, ∆¯(
1
xn
)g¯ − ∇¯2( 1
xn
) +
1
xn
Ric = 0.(5.2)
Combining (5.1) and (5.2), we apply Green’s formula∫
Ω
1
xn
dx =
∫
Ω
1
xn
(∆¯u− nu)− (∆¯( 1
xn
)− n
xn
)udx
=
∫
∂Ω
1
xn
uν − ∂ν( 1
xn
)udA
=
∫
Σ
1
xn
uνdA+
∫
T
1
xn
uN¯ − u∂N¯ (
1
xn
)dA
=
∫
Σ
1
xn
uνdA.(5.3)
where we use the fact (2.13).
Using Ho¨lder’s inequality for the RHS of (5.3), we have(∫
Ω
1
xn
dx
)2
≤
∫
Σ
1
xn
H1u
2
νdA
∫
Σ
1
xn ·H1dA.(5.4)
Applying the weighted Reilly type formula in [14, 20], (see also [28] Theorem 5.1) in our case
with V = 1xn , we see
n− 1
n
∫
Ω
1
xn
dx =
∫
Ω
1
xn
(∆¯u− nu)2dx− 1
n
∫
Ω
1
xn
(∆¯u− nu)2dx
≥
∫
Ω
1
xn
(
(∆¯u− nu)2 − |∇¯2u− ug¯|2) dx
=
∫
Σ
n− 1
xn
H1u
2
νdA+
∫
T
(
hSK,κ − κ · g¯)(∇u− xn∇( 1
xn
)u,∇u− xn∇( 1
xn
)u
)
dA
=
∫
Σ
n− 1
xn
H1u
2
νdA(5.5)
where we use (2.13) and SK,κ is an umbilical hypersurface with principal curvature κ.
Combining (5.4) and (5.5), we get (1.10).
If the equality in (5.5) holds, we imply ∇¯2u = ( 1n + u)g¯ in Ω, since u = 0 on Σ, we know that
Σ must be an umbilical hypersurface.
On the other hand, u can be expressed explicitly as u(x) = A cosh dp(x) − 1n , where A is
constant, p ∈ Hn and dp is the distance function from p. From the boundary condition, we know
that g¯(∇¯u, N¯) = 0 on Γ = Σ∩T , then g¯(∇¯dp, N¯) = 0. Therefore, Σ meets SK,κ orthogonally. 
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Denote h and Hr to be second fundamental form and normalized r-th mean curvature of Σ
respectively. Precisely, h(X,Y ) = g¯(∇¯Xν, Y ) and Hr :=
(
n− 1
r
)−1
Sr, where Sr is given by
(5.6) Sr =
∑
i1<i2<···<ir
κi1κi2 · · ·κir for all r = 1, · · ·n− 1.
where κ1, κ2, · · · , κn−1 are principal curvature of Σ in Hn. As convention, we define H0 = 1.
Let Tr(h) =
∂Sr+1
∂h be the Newton transformation. We state the following properties of Tr.
Lemma 5.1. ([22],[3]) For each 0 ≤ r ≤ n− 2
(1) The Newton tensor Tr is divergence-free, i.e., divTr = 0;
(2) trace(Tr) = (n− 1− r)Sr;
(3) trace(Trh) = (r + 1)Sr+1;
(4) trace
(
Trh
2
)
= S1Sr+1 − (r + 2)Sr+2.
Next we prove the Minkowski formulas for free boundary hypersurfaces in Hn supported on
a support hypersurface.
Proposition 5.1.
(5.7)
∫
Σ
Hk−1
xn
dA =
∫
Σ
Hkg¯(X, ν)dA, for all k = 1, · · · , n− 1.
Proof. Let XT be the tangential projection of X on Σ. We know that XT ⊥ N¯ along ∂Σ by
(2.8). Let {eα}n−1α=1 be an orthonormal frame on Σ. From Proposition 2.1 (i), we have that
1
2
[∇¯α(XT )β + ∇¯β(XT )α] = 1
xn
g¯αβ − hαβ g¯(X, ν).(5.8)
Multiplying Tαβk−1(h) to (5.8) and integrating by parts on Σ, from Lemma 5.1, we get∫
Σ
(n− k) 1
xn
Sk−1 − kSkg¯(X, ν)dA
=
∫
Σ
Tαβk−1∇¯α(XT )βdA =
∫
Σ
∇¯α(Tαβk−1XT )βdA
=
∫
∂Σ
Tk−1(XT , N¯)ds = 0.
In the last equality, we use the fact that SK,κ is an umbilical hypersurface, N¯ is a principal
direction of h, it is also a principal direction of the Newton tensor Tk−1 of h, which implies that
Tk−1(XT , N¯) = 0. The above Proposition is completed by the definition of Hk. 
Now we use the above Minkowski formulas (5.7) to prove Alexandrov type Theorem for free
boundary CMC hypersurfaces in Hn supported by a support hypersurface.
Theorem 5.1. Assume SK,κ is a horosphere or an equidistant hypersurface. Let x : Σ→ Hn be
an embedded smooth CMC hypersurface into BintK,κ (or B
ext
K,κ) whose boundary ∂Σ lies on SK,κ.
Assume Σ meets SK,κ orthogonally. Then Σ must be a spherical cap.
Proof. Let DR be the domain enclosed by a totally geodesic hyperplane in Hn which is repre-
sented by a half ball with radius R under the upper half-space model, namely, DR = {x ∈ Rn+ :
|x| < R}.
Since Σ is a compact hypersurface, we take R large enough (small resp. ) such that Σ ⊆ DR
(or DR ∩ Σ = ∅ resp.) when Σ lies in BintK,κ ( BextK,κ resp.). Let DR shrink (expand resp.) along
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radial direction in the Euclidean sense, until it touches Σ at some point p at a first time. It is
clear that H1 = H1(p) ≥ 0. If H1 = 0, then the boundary point Hopf lemma implies that Σ
must be some totally geodesic hyperplane, which is a contradiction since Σ is perpendicular to
SK,κ by hypothesis. Therefore, H1 is positive.
Let Ω be a bounded connected domain enclosed by Σ and SK,κ whose boundary ∂Ω = Σ∪T .
Using Proposition 2.1 (i) and (ii), we see∫
Ω
divXdx =
∫
Ω
n
xn
dx(5.9) ∫
Ω
divXdx =
∫
Σ
g¯(Xa, ν)dA+
∫
T
g¯(Xa, N¯)dA =
∫
Σ
g¯(Xa, ν)dA(5.10)
=
1
H1
∫
Σ
H1g¯(Xa, ν)dA =
1
H1
∫
Σ
1
xn
dA =
∫
Σ
1
xn ·H1dA.(5.11)
The above equation (5.11) we use Proposition 5.1 with k = 1. Then the conclusion is from (5.9),
(5.10)and Theorem 1.3. 
Next we use the method of Ros [23] and Koh-Lee [11] to prove higher order Alexandrov
Theorem for embedded free boundary CMC hypersurfaces in Hn supported by a support hyper-
surface.
Theorem 5.2. Assume SK,κ is a horosphere or an equidistant hypersurface. Let x : Σ → Hn
be an isometric proper immersion smooth hypersurface into BintK,κ (or B
ext
K,κ) whose boundary ∂Σ
lies on SK,κ. Assume Σ meets SK,κ orthogonally.
(i) If x is an embedding and has nonzero constant higher order mean curvatures Hk, 1 ≤
k ≤ n− 1. Then Σ is a spherical cap.
(ii) If x has nonzero constant curvature quotient, i.e.,
Hk
Hl
= constant, Hl > 0, 1 ≤ l < k ≤ n− 1.
Then Σ is a spherical cap.
Proof. Since Hk is a constant, arguing as the beginning of the proof of Theorem 5.1, we get
Hk > 0 by the compactness of Σ. As the principal curvature are continuous functions. Therefore,
we can choose a connected component such that H1, · · · , Hk−1 are all positive at any point.
According to [23] and the Newton-MacLaurin inequality, we have for each 1 ≤ r ≤ k,
(5.12) 0 ≤ H
1
r
r ≤ H
1
r−1
r−1 ≤ · · · ≤ H1
(5.13) 0 ≤ Hr
Hr−1
≤ Hr−1
Hr−2
≤ · · · ≤ H1
H0
= H1
with the equality holds if and only if Σ is an umbilical hypersurface. Here H0 = 1 by convention.
It follows from (5.12) that
(5.14)
1
H1
≤ H−
1
k
k
Using Theorem 1.3 and (5.14), we have
(5.15)
∫
Ω
n
xn
dx ≤
∫
Σ
1
xn ·H1dA ≤
∫
Σ
H
− 1
k
k ·
1
xn
dA
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On the other hand, by Proposition 2.1(i) and (ii)
Hk
∫
Ω
divXdx = Hk
∫
Ω
n
xn
dx(5.16)
Hk
∫
Ω
divXdx = Hk
∫
Σ
g¯(X, ν)dA =
∫
Σ
Hkg¯(X, ν)dA =
∫
Σ
Hk−1
xn
dA ≥
∫
Σ
H
k−1
k
k
xn
dA(5.17)
where the last equality and inequality we use (5.7) and (5.12) respectively.
Combining (5.15)-(5.17), we get (5.12) equality holds. Therefore, Σ is an umbilical hypersur-
face. The proof of (i) is finished.
Since α = HkHl is constant, we can choose an orientation on Σ such that Hk > 0 and α > 0.
By Newton-MacLaurin inequality, we have
(5.18) 0 < α =
Hk
Hl
≤ Hk−1
Hl−1
Using Proposition 5.1 and Hk = αHl, we have∫
Σ
Hk−1
xn
dA =
∫
Σ
Hkg¯(X, ν)dA =
∫
Σ
αHl g¯(X, ν)dA(5.19)
= α
∫
Σ
Hl g¯(X, ν)dA = α
∫
Σ
Hl−1
xn
dA
where the last equality we use (5.7) again. Combining (5.18) with (5.19), we get
(5.20) α =
Hk
Hl
=
Hk−1
Hl−1
= const on Σ
Proceeding inductively, and taking p = k − l, we see that
(5.21)
Hp+1
H1
=
Hp
H0
= Hp
By using (5.13), we have
(5.22)
Hp+1
Hp
=
Hp
Hp−1
= · · · = H1
H0
= H1
Therefore, Σ is an umbilical hypersurface. The proof of (ii) is completed.

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